FRACTIONAL POINCARE AND LOCALIZED HARDY
INEQUALITIES ON METRIC SPACES

BARTLOMIEJ DYDA, JUHA LEHRBACK, AND ANTTI V. VAHAKANGAS

ABSTRACT. We prove fractional Sobolev—Poincaré inequalities, capacitary versions of fractional
Poincaré inequalities, and pointwise and localized fractional Hardy inequalities in a metric space
equipped with a doubling measure. Our results generalize and extend earlier work where such
inequalities have been considered in the Euclidean spaces or in the non-fractional setting in metric
spaces. The results concerning pointwise and localized variants of fractional Hardy inequalities
are new even in the Euclidean case.

1. INTRODUCTION

Let X = (X,d, ) be a metric measure space and let 1 < p,q,t < oo and 0 < s < 1. The
fractional (s, g, p,t)-Poincaré (or Sobolev—Poincaré) inequality on X reads as

T R O L A R

where dz = du(z) and dy = du(y). We say that X supports a (s, q,p,t)-Poincaré inequality
if there are constants cp > 0 and A > 1 such that inequality (1.1) holds for every ball B =
B(zg,r) C X and for all functions u: X — R that are integrable on balls.

If ¢ < min{p, t} and the measure y is doubling, then it is straightforward to show that the space
X supports a (s, q,p,t)-Poincaré inequality; see Lemma 2.2. This is quite different compared to
the usual (i.e. non-fractional) Poincaré inequalities, whose validity in a metric measure space is
usually an indication of the existence of a rich geometric structure in the space; we refer to the
monographs [1, 15] for more explanation and examples.

The main goal in this work is to prove stronger variants of fractional inequalities, such as
(Sobolev—)Poincaré inequalities for ¢ > p, capacitary versions of Poincaré inequalities, and point-
wise and localized Hardy inequalities. The validity of these stronger variants often requires
additional assumptions on the space and the functions and sets in the inequalities. For example,
in the so-called boundary Poincaré inequalities the mean value ug on the left-hand side of (1.1)
can be omitted if the set where u = 0 (i.e. the “boundary”) is large enough.

The parameter 1 < ¢ < oo in inequality (1.1) allows certain flexibility in the applications, for
instance in the proof of the localized fractional Hardy inequality

/B\E d|(l;(E /AB /AB 1) pM _(Z(’ Cl)(|;y))) dy dz, (1.2)

where 0 < s < 1, 1 <p<oo, A > 1, F C X is a closed set, B = B(w,r) for some w € FE
and 0 < r < diam(E), and u: X — R is a continuous function with v = 0 on E. As one
of our main results we show that the validity of inequality (1.2) is essentially characterized by
dimensional information related to the set E. More precisely, codima (F) < sp is sufficient and
codimy (F) < sp is necessary for (1.2), where codima (F) is the upper Assouad codimension of E,
see Definition 4.4. The upper bound for this codimension means that the set £ must be sufficiently
large in comparison to the size of the ambient space X. In the Euclidean case X = R" we have
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codimp (F) = n — dim, (F), where dim, is the lower dimension (or lower Assouad dimension) of
E CR™

We obtain the localized inequality (1.2) as a consequence of a pointwise fractional Hardy
inequality, given in terms of a maximal operator. In the non-fractional case in R", pointwise Hardy
inequalities were introduced in [11] and [20]. Sufficient and necessary conditions for pointwise
Hardy inequalities in metric spaces have been given in [21]; see also [22] for weighted variants.
Fractional Hardy inequalities on open sets have been studied in the Euclidean space R™ for
instance in [4, 7, 9, 10, 18, 24] and in general metric spaces in [5, 8], but the present pointwise and
localized versions of fractional Hardy inequalities, as well as the boundary Poincaré inequalities,
are new even in the Euclidean case. Sobolev—Poincaré inequalities have also been considered in
more general sets than balls, in particular in the so-called John domains, see [2, 16, 17] and the
references therein.

The outline for the rest of the paper is as follows. In Section 2 we review the necessary
definitions and notation on metric measure spaces and give in Lemma 2.2 the basic versions of
fractional Poincaré inequalities for ¢ < p; these are used as a starting point in the proofs of the
stronger inequalities in the subsequent sections. Section 3 is devoted to extending the range in
the fractional (Sobolev—)Poincaré inequalities to ¢ > p, following the ideas in the proofs of the
corresponding fractional results in the Euclidean case [6] as well in the non-fractional results in
metric spaces [1]. In Section 4 we introduce a variant of the relative fractional capacity and prove
a Maz'ya type capacitary Poincaré inequality in Theorem 4.3. Boundary Poincaré inequalities
are obtained in Theorem 4.7 and Corollary 4.8 under the dimensional condition co dima (E) < sp,
which is connected to the relative capacity via suitable Hausdorff contents; see Definition 4.5 and
Lemma 4.6. In Section 5, the localized Hardy inequality (1.2) is obtained in Theorem 5.2 as a
consequence of a pointwise fractional Hardy inequality, see Theorem 5.1, which in turn is based
on the boundary Poincaré inequality in Theorem 4.7. Theorem 5.3 then shows the necessity of
the condition codimy(E) < sp for the localized inequality (1.2). In Sections 4 and 5 our proofs
often follow the main lines of the proofs from the non-fractional case, as for instance in [1, 15, 21],
but due to the non-locality of the setting several modifications are needed in the proofs.

2. PRELIMINARIES

We assume throughout this paper that X = (X, d, 1) is a metric measure space (with at least
two points), where u is a Borel measure supported on X such that u({z}) =0 for all x € X and
0 < u(B) < oo for all (open) balls

B =B(z,r):={ye€ X :d(z,y) <r}

with x € X and r > 0. We make the tacit assumption that each ball B C X has a fixed center
rp and radius rad(B), and thus notation such as AB = B(xp, Arad(B)) is well-defined for all
A > 0. When E, F' C X, we let diam(FE) denote the diameter of £ and dist(£, F') is the distance
between the sets F, FF C X. We use d(z, E) = dist(z, E) = dist({z}, F) to denote the distance
from a point z € X to the set £. If F C X, then X, denotes the characteristic function of E;
that is, X, () =1ifz € Fand X (z) =0ifz € X\ E.

We also assume throughout that p is doubling, that is, there is a constant c¢p > 1 such that
whenever x € X and r > 0, we have

u(B(x,2r)) < ep u(Bla, ). (2.3)

Iteration of (2.3) shows that if p is doubling, then there exist an exponent ) > 0 and a constant
cg > 0, both only depending on cp, such that the quantitative doubling condition

w(B(y,r)) T\
W(B(r.R)) = a(3) 24)
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holds whenever y € B(z, R) C X and 0 < r < R. Condition (2.4) always holds for ) > log, ¢p,
but it can hold for smaller values of @) as well. See [1, Lemma 3.3] for details.

In some of our results we also need to assume that pu is reverse doubling, in the sense that there
are constants 0 < kK < 1 and 0 < cg < 1 such that

p(B(x, kr)) < cp p(B(z, 7)) (2.5)
for every x € X and 0 < r < diam(X)/2. If X is connected and 0 < xk < 1, then inequality (2.5)
follows from the doubling property (2.3) with 0 < c¢g = cg(cp, k) < 1. See for instance [,
Lemma 3.7]. Iteration of (2.5) shows that if u is reverse doubling, then there exist an exponent
o > 0 and a constant ¢, > 0, both only depending on x and cg, such that the quantitative reverse
doubling condition
MBr)) CU(L)" (2.6)
p(B(z, R)) R
holds for every z € X and 0 < r < R < 2diam(X).
If the measure p is Ahlfors Q-regular for some ) > 0, that is, there is a constant C' > 0 such
that

1

57"62 < w(B(z,7)) < Or®
for every z € X and 0 < r < diam(X), then p is both doubling and reverse doubling, and the
quantitative estimates (2.4) and (2.6) hold with the exponent Q.

We abbreviate du(z) = dr and say that a function u: X — R is integrable on balls, if u is
p-measurable and

lallo s = /B|u(x)|dx <5

for all balls B C X. In particular, for such functions the integral average

uB—][Bu(x)dx—ﬁ/Bu(x)dx

is well-defined whenever B is a ball in X. Observe that we do not always assume that the space
X is complete, and hence continuous functions are not necessarily integrable on balls.

Definition 2.1. Let 1 < p,q,t < occand 0 < s < 1. We say that X supports a (s, ¢, p, t)-Poincaré
inequality, if there are constants cp > 0 and A > 1 such that inequality

(Frutor-sopas) < (f ([ s lilstlt )" 00" g

holds for every ball B = B(xzg,7) C X and for all functions u: X — R that are integrable on
balls.

In particular the left-hand side of (2.7) is finite, if the right-hand side is finite.
If u: X — R is a measurable function, 0 < s < 1,1 <t < oo, and A C X is a measurable set,

we write
- |U(x) _ u<y)|t 1/t or every
gu,s,t,A(fE) - (/A d(ZL‘ y)Stu(B(x d(ZL‘ y))) dy> ) f yxeX.

Using this notation, the (s, ¢, p, t)-Poincaré inequality (2.7) can be written as

/a 1/p
(][ lu(z) — uB|qu> < cpr® (][ Gusias(x)? dx) )
AB

We will repeatedly use the facts that gujss,a < Gust,a and gusta < Gustar when A C A

The following lemma shows that X supports a (s,q,p,t)-Poincaré inequality if 1 < ¢ <
min{p,t}. We emphasize that the doubling condition on g is the only quantitative property
of X that is needed in this case. This result is certainly known among experts, but we include
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the short proof for the convenience of the reader. We refer to [16, Lemma 2.2] for a variant of
this result in R".

Lemma 2.2. Assume that 1 < ¢,p,t < 00, ¢ < min{p,t}, and 0 < s < 1. Then X supports the
(s,q,p,t)-Poincaré inequality (2.7) with constants A =1 and cp = cp(s,q,t,cp).

Proof. Fix a ball B = B(zg,7) C X and a function u: X — R that is integrable on balls. Then
Flu(e) ~ usltds < §  ju(e) - )t dyda
B BJB
a/t
< £ (o - uttar) " ae
B\/B
p/t a/p
< (£.(f 1) - vray ) a)
B\/B
_ t p/t q/p
con(f ([ s Y
< s\Js ru(B) /
_ t p/t a/p
B \Jp d(z,y)* n(4B)

= o (][ (/ )% o5 AT dy)p/td“z) B

This yields the desired inequality (2.7) with A = 1 and ¢p = ¢p(s,q,t,cp). O

3. SOBOLEV-POINCARE INEQUALITIES

As with the usual Poincaré inequalities (see [1, 15]), also in the fractional case it is possible to
improve inequalities from the case ¢ < p (in Lemma 2.2) to the case ¢ > p, up to the “Sobolev
exponent” p* = Qp/(Q—sp); see Theorem 3.4 below. For this purpose, we apply a metric measure
space version of the fractional truncation method in [9, Proposition 5|, [6, Theorem 4.1]; see also
[3, Proposition 2.14]. In the proof we need the following auxiliary result, which is a special case
of [12, Lemma 5.

Lemma 3.1. Assume that g > 0 is a measurable function on a ball B C X with
u({z € B g(x) = 0}) > u(B)/2.
Then inequality
p{z € B:g(x) > 1)) <2inf p({z € B : g(x) —al > t/2})
holds for every t > 0.

Theorem 3.2 below is metric measure space version of the Euclidean result in [6, Theorem 4.1].
We will later apply this theorem with the kernel

1
d(y, 2)Pu(B(y,d(y, 2)))’

but we formulate the result in terms of general kernels. The proof is a straightforward adaptation
of the proof in [6], and it is based on a fractional Maz'ya truncation method.

K(y,2) =

Y,z € X,

Theorem 3.2. Let 0 < s < 1,0 <p < g<oo, and N\ > 1. Let K: X x X — [0,00] be
a measurable function and let B = B(xg,r) C X be a ball. Then the following conditions are
equivalent:
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(A) There is a constant Cy > 0 such that inequality

égﬂgiggu({weB u(x )—ay>t})tq§01</ /MB 2)[PK(y, )dzdy)p

holds for every u € L>*(AB).
(B) There is a constant Cy > 0 such that inequality

g

inf/ lu(z) — a|?dx < C’2</ / 2)|PK (y, )dzdy)p
a€R \B

holds for every u € LY(AB), and the left-hand side 1is finite if the right-hand side is finite.
Moreover, in the implication from (A) to (B) the constant Cy is of the form C(p,q)C1, and in the
implication from (B) to (A) we have Cy = Cs.

Proof. The implication from (B) to (A) with C; = Cy follows from Chebyshev’s inequality. Let
us then assume that condition (A) holds. Fix u € L*(AB) and let b € R be such that

B B
u({z € B :u(z) > b)) > @ and  p({z € B:u(z) <b}) > # (3.8)
We write vy = max{u — b,0} and v_ = —min{u — b,0}. In the sequel v denotes either v, or v_;

all the statements are valid in both cases. Moreover, without loss of generality, we may assume
that v > 0 is defined and finite everywhere in AB.
For 0 < t; <ty < oo and every z € AB, we define

tg—tl, lftQ SU(.T),
vi(z) = Qv(x) —ty, ifty <o) <ty
0, if v(z) < t.

Observe from (3.8) that
wl{e € B 1f2(2) = 0)) 2 u(B),/2.
By Lemma 3.1 and condition (A), both applied to the non-negative function v;?> € L*(AB),
supu({z € B : vji(2) > 1})1* < 27 inf sup p({e € B : oy (2) —al > )
4 (3.9)

wcl(/ JRCRORE >|pK<y,z>dzdy)p.
AB

We write Ej, = {x € AB : v(z) > 2*} and A}, = Fj_; \ Ej, where k € Z. Since v > 0 is finite
everywhere in B, we can write

B={reB:0<u(r)<oo}= (UBOAZ) U(BﬂixeAB:v(x):O})>. (3.10)

>
i€EZ —A_

Hence, by inequality (3.9) and the fact that >, , [ax|?? < (X,es \ak|)q/p for all real-valued
sequences (ay)kez, we obtain

[ @l de < 3 2B 0 A < 38 (0 € B (o) > 2)

k€EZ kEZ
q

S 21+4q01 / / ’U2k 1 U§£_1<2)|pK(y72) dz dy .
kez Y AB JAB
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Using the definition of vgk,l, we can now estimate

S ] ) - P .2 dedy
AB JAB

S50 3 o B9 b ol i T TR ST

k€Z —oo<i<k j>k k€Z i>k —oo<j<k
(3.11)

kEZ

Let y € A; and z € Aj, where j —1 >4 > —o0, and let & € Z. Then
[o(y) — v(2)] = |v(2)] = |v(y)] = 277
and [v2, (y) — v%_,(2)] < 2¥, and so
031 (y) = 31 (2)] < 4257 [u(y) — v(2)]. (3.12)
On the other hand, the estimate
(0361 (y) = 31 (2)] < [oly) — v(2)]
holds for every k € Z, and thus we conclude that inequality (3.12) holds whenever —oo < ¢ <

k<jand (y,2) € A; x Aj.
By inequality (3.12), we have

> X ] @K ey

k€Z —oco<i<k j>k

<4pz Z 221”“])//\11 —v(2)|PK(y, 2) dz dy.

k€Z —co<i<k j>k

(3.13)

Since Zi:z 2r(k=3) < (1 —277)7!, changing the order of the summation shows that the right-hand
side of inequality (3.13) is bounded by

417
5 [ ) = @K ) dedy
1-2 AB J)A\B

The second sum on the right-hand side of (3.11) can be estimated in the same way. To conclude
that (B) holds with Cy = C(p, ¢)C} it remains to recall that |u—b| = vy +v_ and ¢ > 0. Observe
also that |vi(y) — v+ (2)] < |u(y) — u(2)| for all y, z € AB. O

We also need certain maximal functions. If B C X is an (open) ball and u € L'(B), then the
noncentred maximal function restricted to B is

Mpu(z) = sup 4 |u(y)| dy,
B J B!
where the supremum is taken over all balls B’ C B containing x € B. We will apply the following
lemma from [1, Lemma 3.12].

Lemma 3.3. Let B C X be a ball and let w € L'(B). Then Mju is lower semicontinuous in B
and satisfies

3
(E;) < C—D/ lu(z)|dz  and  lim Tp(E;) =0,
T JE,

T—00

where E. ={x € B: Mju(x) > 7} and 7 > 0.

The next theorem gives a sufficient condition for the fractional (s, g, p, p)-Poincaré inequality
with ¢ = p* = Qp/(Q — sp). The proof is essentially the same as the argument in [1, pp. 95—
97], but we present the details for the sake of completeness. In particular, the fractional Maz'ya
truncation method is needed with sufficiently careful tracking of the constants. Recall that we
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assume throughout that p is doubling, with constant ¢p > 1 in (2.3). Hence, for any fixed
1 <p<ooand 0 < s < 1 there exists an exponent () > sp such that (2.4) holds, and then
p* = Qp/(Q — sp) > p. The exponent ) in (2.4) is not uniquely determined, and a smaller value
of ) > sp gives in Theorem 3.4 a larger exponent p*, which in turn yields a stronger version of
the Sobolev—Poincaré inequality.

Theorem 3.4. Assume that u is reverse doubling, with constants o > 0 and ¢, > 0 in (2.6),
and let Q) > 0 and cg > 0 be the constants in (2.4). Let 1 < p < oo and 0 < s < 1 be such
that sp < Q, and let p* = Qp/(Q — sp). Then X supports a (s, p*, p,p)-Poincaré inequality, with
constants X =2 and cp = cp(Q,p, s,0,¢p,cQ, Co)-

Proof. Let B = B(xg,r) be a ball in X and let u € L>(2B). It suffices to prove that there exists
a constant C' = C(Q, p, s, 0, cp, cg, ¢;) such that

p{z € B+ Ju(x) — uap| > th " < Cr?" (B) /P </ Gu,s.p28(Y)" dy) ” o
2

whenever ¢ > 0. Then the (s, p*, p, p)-Poincaré inequality follows from Theorem 3.2, applied with
the kernel

B

1

d(y, z)Pu(B(y, d(y, 2)))’
together with the doubling property of u and the inequality

/\u(x) —uplP dr < 2P inf/ lu(z) — alf dx,
B a€R Jp

which in turn follows from Holder’s inequality.
We prove (3.14) for a fixed ¢ > 0. We may assume that r < 2diam(X) and

0< / Gu,sp28 (1Y) dy < 0. (3.15)
2B

Indeed, if the integral in (3.15) vanishes, then wu is a constant almost everywhere in the ball
B by the (s,p,p,p)-Poincaré inequality given in Lemma 2.2. Write By = 2B, 1y = 2r and
M = Mg ((gusp2s)?). By [13, Lemma 1.8], u-almost every point # € B is a Lebesgue point of
u. Lemma 3.3 implies that the function M is finite p-almost everywhere in B.

Let 2 € B be a Lebesgue point of u, with M (z) < oo, and write r; = 277r and B; = B(x,r;), for
j =1,2,.... By the doubling property of p and the (s, 1, p, p)-Poincaré inequality in Lemma 2.2,

K(y,z) = Y,z € X,

k—1
(qu+1 — Up; )

lu(x) —up,| = lim |up, —up,| = lim
k—o00 k—o0

j=0
<> ) -unldy <> f fulo) - undy
j=0 7 Bi+1 =0 7 Bj
0 1
S C<p7 S, CD) Z T;’ <][ gu,s,p,Bj <y)p dg)
=0 Bj
< C(p.s,cp) > 73 ( ][ Gu,sp2B(Y)’ dy) -
=0 B;

Condition (2.4), applied to the balls B; C By on the right-hand side, gives

J

re - _ ,
lu(z) — up,| < C(Q,p,s,cp, CQ)W Z/‘L(Bj)S/Q Vp (/ Gu,s.p.28(Y)" d?/) : (3.16)
=0

-~
Z/+EII
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We write the sum in (3.16) as ¥’ + X", where the summations are over 0 < j < jo and j > Jjo,
respectively, and the cut-off number j, € N is chosen as follows (depending on z). Since By C 8B
and

0< ][ Gusp2B(y)’ dy < M(z) < oo,
Bo

there exists jo > 1 such that

1
b (Bj,) < W/B Gusp2s(y)’ dy < ¢ u(By,). (3.17)
0

More precisely, by (2.6) u(B;) — 0 as j — oo, and hence we can choose the largest integer jg
for which the right inequality holds. The left inequality then follows from the doubling property
of u.

In the first sum X’ we have p(B;) > ¢; 12900~ y(B; ) for every 0 < j < jo, by (2.6). Since
s/Q —1/p < 0, we obtain

Jjo—1 1
p
Yo Z M(Bj)s/Qfl/p (/ gu,syp’w(y)p dy)
%jo—l
Gu,sp28(Y)? dy> Z 90 (G0=3)(s/Q=1/p)
7=0

< C(Q.py 5. o) p( By )4 ( /

0

Q
< C(Q.p,8,0.¢p,¢) < / Gu,sp28(Y)” dy) M (x)/P=209,
B

where the sum on the second line is bounded from above by a constant 0 < C(Q, p, s,0) < oo that
can be chosen to be independent of jy, and the last step follows from the right-hand inequality
in (3.17).

Correspondingly, in the second sum ¥" we have u(B;) < ¢,2°00=9) y(B;,) for every j > jo,
by (2.6). Using also the maximal function M = Mp ((gu,sp2p)?), We obtain

0

1

2= Z M(Bj)s/Q (][ Gu,s,p.2B(Y)” dy)
J=Jo B
< C(Q. 5, o) Byy)IM ()P~ 2obomie/@,

J=Jjo

% 1
< C(Q’ P, $,0, ¢, CU) (/ Gu,s,p,2B (y)p dy) M(x) /p—s/Q’
B

0

where the last sum is bounded from above by a constant 0 < C(Q, s,0) < oo and the final step
follows from the left-hand inequality in (3.17).
Substituting the above estimates for ¥’ and ¥ to (3.16) gives

s

r
1u(Bo)*/?
S C(Q7p7 5,0,Cp, CQ, Co) re (][

B

for p* = Qp/(Q — sp). In particular, if |u(z) — up,| >t > 0, then

u(z) —up,| < C(Q,p, 5, ¢, cq) (X +")

I
gu,s,p,QB(y>p dy> M('I) P )

0

*

tP N
M(ZL’) > C(Q7p7 $,0,Cp, CQ, CO’) 7"_ <f gu,&p’QB(y)p dy) = T(t) > 0.
Bo

sp*
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From this estimate, which is valid for p-almost every x € B, and Lemma 3.3, we obtain

p({x € B : |u(z) —up,| > t})t* <u({x € By: M(z) > ()}t < CjD(ZI; /BO Gusp2p(x)’ dr

p*
S C(Q7 p7 87 UJ CD7 CQ? CU) TSP*N(‘B)I_p*/p (/ gU,S,P,QB (x)P dl’)
B

0

for every ¢t > 0. Inequality (3.14) follows, and the proof is complete. O

4. CAPACITARY AND BOUNDARY POINCARE INEQUALITIES

Next we study versions of fractional Poincaré inequalities, in which the zero sets of functions are
taken into account. As a tool we will apply a variant of the fractional relative capacity, compare
to [25, Definition 7.1] and see also [9] and [26, §11].

Definition 4.1. Let 0 < s < 1,1 <t,p < oo, and A > 2. Let B C X be aball and let E C B
be a closed set. Then we write

- (@) — o)l 7
Caps,P,t(E7 2B,AB) = ‘Pf//\B (/AB d(z,y)*tu(B(x,d(z,y))) dy) ¢

where the infimum is taken over all continuous functions ¢: X — R that are integrable on balls,
such that ¢(x) > 1 for every z € E and ¢(z) = 0 for every x € X \ 2B.

The following simple lemma is needed in the proof of Theorem 4.3.

Lemma 4.2. Let a > 0. There is a constant C(c, cp) > 0 such that

—a / d(z,y)"
By M(B(z,d(z,y)))

dy < C(a, ep)

for every x € X and r > 0.
Proof. Let x € X and r > 0. For each j € {0,1,...} we write
Aj(z,r)={y € X : 2777 r < d(z,y) < 277r}.

By the doubling condition (2.3) of the measure p and the standing assumption that p({z}) =0,
we obtain

< ;(2—”)“;(‘;?5’;:2))) < Claep) e .

The next result is a fractional version of Maz'ya’s capacitary Poincaré inequality, compare to [1,
Theorem 6.21]. The argument is similar to that in [1], but there are several technical differences
due to the present non-local setting.

Theorem 4.3. Let g > p>1,0<s< 1,1 <t <ooand A > 2. Assume that X supports a
(s,q,p,t)-Poincaré inequality with constants cp > 0 and X\ > 1. Let u: X — R be a continuous
function and let

Z ={z € X :u(zx) =0}



10 B.DYDA, J.LEHRBACK, AND A.V.VAHAKANGAS

Then, for all balls B = B(xg,r) C X,

P/q C t A
(][ yu(x)chzx) < _Ctpep,cep, N / Guseonp ()P dz. (4.18)
AB cap&p,t(B NZ, 286, AB) AAB

Proof. By replacing w with uy = min{|u|,k}, for & € N, applying Fatou’s lemma, and using
inequalities gy, st 3B < Gustaap, We may assume that v > 0 and that w is bounded. Fix a
ball B = B(xg,r) in X. Without loss of generality we may assume that the right-hand side of

inequality (4.18) is finite. Let
1/q
u= (][ |u(a:)\qd:1:> < 00.
AB

We may assume that u > 0, as otherwise there is nothing to prove.
Let n(z) = max{0, 1 — dist(z, B)/r} for every x € X. Then

n(x) —ny)| < d(z,y)/r,  forevery z,y € X

0<np<1linX,np=1in B and n = 0 outside 2B. The function ¢ = (1 — u/u)n is bounded and
continuous, ¢ =1 in BN Z, and ¢ = 0 outside 2B. By Definition 4.1 of the capacity, we have

awuBrzzsan < [ (f <x$§%Béf£w»V@Yﬂ“
7 — u(z a—uy)t "
:éiAB(ABM(chwﬁQBgf% >»<m‘@>dx

1
=—1.

up

To estimate I, we write

B ()@ — u(x)) — n(y) (7~ u(a)) + ) (T~ u@)) — n(w)@—u@)I N
I‘tAB(AB A, y)u(B(x, d(x. 7)) ‘w) !

. ) =)l N
< O(t,p) /AB |U ( )‘ (/AB d(a:’y)stM(B(x,d(m,y))) dy) !

Tt /AB (/AB W' ZJ;L%)(Z;(Z(?(Z ) dy) Ve

Fix © € AB. Since |n(z) — n(y)| < d(z,y)/r for each y € AB, by Lemma 4.2 we have

n(z) W) _ d(z, )= »
ABﬂ%w%mm%dmwmdyﬁr,@@mMmBuJWw»ywécwxwmAw .

Taking also into account that 0 < n* < 1 in AB, we obtain

I <C(s,t,p,cp, A)rs”/ [t — u(zx)P dx + C(t,p)/ Gustap(z)P dx.
AB A

B

Hence, we are left with estimating the following integral, with a = (¢ — p)/(pq),

1/q
< u(AB)* </A |u(z) — urp|? d:c) + 7 — upp|p(AB) V.
B
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The first step above relies on the assumption ¢ > p. The right-hand side can be estimated exactly
as in [1, pp. 144-145]. Indeed, the second term may be estimated by the first one, since

@ — upp|p(AB)" 7 = p(AB)*||lul| aam) — lluasl|zams)|

1/q
W(ABY lu — usslaam = <AB>< ru<x>—uAB\qu> |

AB

The first term is in turn estimated by the assumed (s, g, p, t)-Poincaré inequality,

1/q 1/q
|u(z) — upp|? dx) = u(AB)YP (][ |u(z) — upp|? dx)
AB

1/p
< cpr® ( / Gust ()’ d:c) -
MB

I S C(Sat7p7 CD,CP,A)/ gu,s,t,)\AB(x)p dl‘,
AAB

M(AB)”(

AB
This results in

and it follows that

<][ \U(:C)!qd:c)p/q =P C(S’t’_p’ ¢, cr, A) / Gusianp(x)f dx,
AB Caps,p,t(B N Z, QB,AB) AMB

as required. O

IN

Next we consider two notions that are closely related to the relative capacity but have a more
geometric flavor. The following concept of (co)dimension was introduced in [19].

Definition 4.4. Let £ C X. For r > 0, the open r-neighborhood of F' is the set
E, ={z e X : dist(z, F) < r}.

The upper Assouad codimension of E, denoted by codimy(FE), is the infimum of all @ > 0 for
which there is a constant ¢ > 0 such that

w(E. N B(x, R)) r\@
w(B(z, R)) = c(ﬁ)

for every z € E and all 0 < r < R < diam(F). If E consists of one point, then the restriction
R < diam(FE) is removed.

If the measure p is Q-regular, then codimy(E) = Q — dim, (E) for all E C X, where dim, (E)
is the lower (Assouad) dimension of F; see [19, (3.11)]. In the Euclidean space R™, which is
regular with () = n, the connection between fractional Hardy inequalities and the lower Assouad
dimension (as well as its dual, the upper Assouad dimension) has been considered in [7, 8]; see
also [23].

We also need suitable versions of Hausdorff contents, which give lower bounds for capacities,
as in Lemma 4.6 below. In the case of non-fractional capacities, similar ideas can be found for
instance in [14, Theorem 5.9] and in several subsequent papers.

Definition 4.5. The (p-restricted) Hausdorff content of codimension n > 0 is defined for sets
E C X by setting

H mf{z,u (g, i) " ECUB Tg, T) and0<7"k<p}
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Lemma 4.6. Let 0 < s < 1,1 <pt<oo, 0<n<pand A > 2. Assume that p is reverse
doubling, with constants k =2/A and 0 < cg <1 in (2.5). Let B = B(xo,7) C X be a ball with
r < diam(X)/(2A), and assume that E C B is a closed set. Then

Hgi;’?(E) < C(S’ t b,N,CR,Cp, A)TS(p_n) Caps,nt(E, QB, AB)

Proof. Fix x € E and write By = AB = B(xzg,Ar), ro = Ar, r; = 279"y and B; = B(z,r;),
j =1,2,.... Observe that there are test functions for cap, ,,(F,2B,AB); let ¢ be any one of
them. By replacing ¢ with max{0, min{p, 1}}, if necessary, we may assume that 0 < ¢ < 1.
Thus ¢ is continuous on X, ¢ = 1 on E, and ¢ =0 on By \ 2B. By inequality (2.5), we have

1(2B)
< — < < 1.
0 < ¢g, ]{Boso(y)dy_u(AB)_cR<

As a consequence, since x € E, we find that

|o(x) = By =2 1= cr > 0.

Let 06 = s(p —n)/p > 0. Proceeding as in the proof of Theorem 3.4 with the (s, 1, p, t)-Poincaré
inequality given by Lemma 2.2, we obtain

S 27 = C(s,p,m,cr) (1 — cr) < Cls,p,n, cr)le(@) — om
j=0

= 1
< C(Sa t P, 1, CR, CpD, A) Z Tj ][ Ye.st,Bo (y)p dy :
=0 B;

In particular, there exists j € {0, 1,2,...}, depending on z, such that

279 < C(s,t,p,1, cr, cp, A)r” ][ Ge.5.t.80(y)" dy.
J

Write r, = r; and B, = B(z,7,;) = Bj. Then the previous estimate gives

M(Bx)rajsn S C<37 ta p,N,Cr,Cp, A)TS(p_n) / gg&,s,t,BO (?J)p dy

By the 5r-covering lemma [1, Lemma 1.7], we obtain points x; € E, k = 1,2, ..., such that the
balls B,, C By = AB with radii r,, < Ar are pairwise disjoint and E C |J,, 5B,,. Hence,

o

HEI(E) <3 pl(5Ba,) (5r) " < O3 o) / G (2)P d
k=1

k=1 g

S Crs(pfn) / ggo,s,t,AB (x)p dﬂ?,
AB

where C' = C(s,t,p,n,cr,cp,\). The desired inequality follows by taking infimum over all
functions ¢ as above. 0J

The main result of this section is the following version of the fractional (Sobolev—)Poincaré
inequality, where the mean value up can be omitted from the integral on the left-hand side.
Due to the zero values on the set E, this kind of inequalities are often called boundary Poincaré
inequalities. The proof below requires completeness of X via [23, Lemma 5.1], which gives uniform
lower bounds for Hausdorff contents under the assumption that codima(E) < sp. Hence, in
the forthcoming applications of Theorem 4.7 we also make the assumption that the space X is
complete. Alternatively, in the following results the condition codima (E) < sp could be replaced
by an explicit condition in terms of the relative capacity or a suitable Hausdorff content, and
then the completeness assumption would not be needed. However, in non-complete spaces one
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then has to add to Theorems 5.1 and 5.2 also the assumption that the continuous function w is
integrable on balls.

Theorem 4.7. Let ¢ > p > 1,0 < s < 1 and 1 <t < oo. Assume that the space X is
complete and supports a (s, q,p,t)-Poincaré inequality, with constants cp and X > 1, and that p
is reverse doubling, with constants 0 < k <1 and 0 < cgr <1 in (2.5). Let E be a closed set with
codima(E) < sp. Then there is a constant C' > 0 such that

(i) sem { (] siatmtoney®) = o

whenever u: X — R is a continuous function such that u =0 on E and B = B(w, R) is a ball
with w € E and 0 < R < diam(FE)/2.

Note that (4.19) can be written as

p/q
(][ lu(z)|? dx) < C’Rs”][ Gusias(x)? dx.
B AB

Proof. Fix a number 0 < 1 < p such that codima(F) < sn, and let w € F and 0 < R <
diam(E)/2. Write A =2/k > 2 and r = R/A < diam(F)/(2A) < diam(X)/(2A). We prove the
claim (4.19) for the ball B(w, R), but for simplicity we write during the proof that B = B(w,r) =
B(w, R/A).

By a covering argument using the doubling condition and completeness of X, see [23, Lemma 5.1],
we obtain

M u(B) < CHM*(BNE) < CHES(BNE)
< Crs=n) cap,,,(BNE,2B,AB).

Write Z = {y € X : u(y) = 0} D E. By the monotonicity of capacity and the doubling condition
we have

1 < 1 < Cre < CRP
cap, (BN Z,2B,AB) ~ cap,,,(BNE,2B,AB) ~— ju(B) =~ p(AB)
The desired inequality, for the ball B(w, R) = B(w, Ar), follows from Theorem 4.3. O

Corollary 4.8. Assume that X is complete. Let () > 0 and cg > 0 be the constants in (2.4), and
letqg,p>1,0<s<1andl <t< oo besuchthat eitherq<p<t, orq<p*=Qp/(Q—sp) <o
and t = p. Assume that p is reverse doubling, and let E be a closed set with codima(E) < sp.
Then there is a constant C' > 0 such that the boundary Poincaré inequality (4.19) holds whenever
u: X = R is a continuous function such that w =0 on E and B = B(w, R) is a ball with w € E
and 0 < R < diam(F)/2.

Proof. By Lemma 2.2, X supports a (s, q,p,t)-Poincaré inequality whenever ¢ < min{p,t}. In
particular X supports a (s, p, p, t)-Poincaré inequality whenever p < ¢, and for ¢ < p < t the
claim then follows from Theorem 4.7 and Holder’s inequality on the left-hand side.

On the other hand, X supports a (s, p*, p, p)-Poincaré inequality by Theorem 3.4. Theorem 4.7
gives the desired inequality for ¢ = p* and t = p, and for ¢ < p* and ¢ = p the claim follows again
from Holder’s inequality on the left-hand side. 0

5. POINTWISE AND INTEGRAL HARDY INEQUALITIES

In this section we apply the Sobolev—Poincaré and boundary Poincaré inequalities from the
previous sections to fractional Hardy-type inequalities involving distance weights. We begin with
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a pointwise version of the fractional Hardy inequality, given in terms of the fractional maximal
function. For o € R and a measurable function v on X, this is defined as

Myu(x) = sup r"][ lu(y)| dy, for every x € X.
>0 B(z,r)

In particular, if « = 0, then M, = My = M is the centered Hardy—-Littlewood maximal function.

Theorem 5.1. Leta € R, ¢>p>1,a<s<landl <t < oo. Assume that X is complete and
supports a (s,q,p,t)-Poincaré inequality and that p is reverse doubling. Let E C X be a closed
set with codima (E) < sp, and assume that u: X — R is a continuous function such that u =0
on E. Then there is a constant C > 0, independent of u, such that

s—a 1/
|u(x)| < C’d(x, E) (Map(XB (gu,s,t,B)p) (x)) 8
whenever 0 < d(z, E) < diam(F) and B = B(z,2d(z, F)).
Proof. Observe that the continuous function w is integrable on balls since X is complete, see [1,

Proposition 3.1]. Fix z € X with 0 < d(z,E) < diam(E) and let B = B(x,2d(x, E)). Write
r =2d(xz, E) > 0 and choose w € E such that d(x,w) < (3/2)d(x, E). Then

B = B(w,r/(4)\)) C B,
where A > 1 is the constant in the assumed (s, g, p, t)-Poincaré inequality, and
lu(z)| = |u(z) —up +up —ug + up| < |u(z) —up| + |ug — ug| + Jugl. (5.20)

We estimate each of the terms on the right-hand side separately.

First observe that AB C B and that the measures of these two balls are comparable, with
constants only depending on c¢p. Hence, by applying Theorem 4.7 for the ball B , whose radius is
r/(4)\) < diam(F)/2, we obtain

1/p

1/q
lug| < (][B ru<y>rqdy) scw(rap A§X3<y>gu,s,t,xg<y>wy)

1/p
S C?”sia (Tap f XB (y)gu757t7B (y)p dy)
B

< Cd(w, E)** (Map(X s (gusin)”) (2)) .

Recall from Lemma 2.2 that X supports a (s, 1, p, t)-Poincaré inequality, with constants A = 1 and
C(s,t,cp). By the doubling condition, followed by the (s, 1, p, t)-Poincaré inequality, we obtain

1/p
g — ug| < C ][ u(y) — up| dy < Cr=o ( ][ Xy )9 () dy)
B B

< Cd(z, E)** (Map(X s (Gusr.8)”) () 7.
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In order to estimate the term |u(z) — up|, we write B; = 279 B = B(z,27r) for j = 0,1,2,. ...
Since lim;_,o up, = u(z), we find that

) ~ sl < 3 fun, —un, | <€ f July) — s | dy
§=0 j=0 7 Bj
s ‘ 1/p
<C 2(2_jr)s (][ Gu,s,t,B; ()" dy)
=0 B

S ‘ ) e
Ors—® Z 2-](5—a) ((2_3’1“)04) ][ XB (y)gu,s,t,B (y)p dy)
j=0 o

< Cr@ Z 27i(s=e) (Map (XB (gu,S,uB)p) (‘T)) v
=0

S—« 1
= G, BY ™ (Mo (X (9005)) (1)) "
The claim follows from (5.20) and the estimates above. O

Pointwise Hardy inequalities imply localized Hardy inequalities for balls centered at E. Here
we restrict ourselves to the case ¢ = p.

Theorem 5.2. Let 0 < s <1 and 1 <t < oco. Assume that X is complete and that p is reverse
doubling. Let E C X be a closed set with codimp(F) < st, and let u: X — R be a continuous
function such that u =0 on E. Then there is a constant C' > 0, independent of u, such that

/B\EdLZE C/ / a:yst (:C,(Z)(E,y)))dyd"”

whenever B = B(w,r) with w € E and 0 < r < diam(E).

Proof. Fix an exponent 1 < p < ¢ in such a way that codima (£) < sp. By Lemma 2.2 we find that
X supports the (s, p,p,t)-Poincaré inequality with constants A = 1 and ¢p = ¢p(s,p,t,cp). Fix
x € B\ E. Then 0 < d(z,F) < r < diam(F) and B(z,2d(z, E)) C 3B. Hence, by Theorem 5.1
with a = 0 and ¢ = p,

M < C(M(X ( )p)(x))t/f’
d(x,E)St = B(z,2d(z,E)) Gu,s,t,B(x,2d(x,E))

t
S C(M(XgB (gu,s,t,3B)p) (QU)) /p'
Integrating this inequality over the set B\ E we obtain

/B\E d|(l;‘( E)'|t dz < C/ XgB gust3B) )(l’))t/p dx.

Since t > p, the Hardy-Littlewood maximal theorem [1, Theorem 3.13] implies that

Ju(z)]* / '
———dx < (C s x) dx.
/B\E d(z,E)* — — 3Bg 4045 (7)

This concludes the proof. O

Next, we obtain a (partial) converse of Theorem 5.2. This shows that the dimensional condition
codimy (E) < st in Theorems 5.1 and 5.2 is essentially sharp, up to the end point. The idea behind
the proof goes back to [4, Section 2|, where the impossibility of a fractional Hardy inequality was
shown in certain open sets 2 of the Euclidean space, for instance if €2 is a Lipschitz domain and
st < 1 (note that in this case codima(0€2) = 1). On the other hand, a necessary condition for
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non-fractional pointwise Hardy inequalities in metric spaces has been given in [21, Lemma 3| in
terms of a Hausdorff content density condition.

Theorem 5.3. Let 0 < s < 1,1 <t < o0, and A > 1. Assume that E C X is a (nonempty)
closed set such that

o 2w =<0 [, [ T etme ey

whenever u: X — R is a bounded continuous function such that u =0 on E, and B = B(w, 1)
with w € E and 0 < r < diam(F). Then codima(E) < st.

Proof. Let w € E and 0 < r < Ry < diam(F). It suffices to show that

w(E. N B(w, Ry)) T\ st
sy 2 w)

where the constant ¢ is independent of w, r and Ry. For convenience, write R = Ry/A and
B = B(w, R), so that AB = B(w, Ry).
If 4(E, N B(w, R)) > $u(B(w, R)), the claim is clear since then, by doubling,

p(E, N B(w, Ro)) > p(E, N B(w, R)) = 3u(B(w, R)) > cp(B(w, Ro)),

and on the other hand (g ) < 1. Thus we may assume that u(E, N B(w, R)) < su(B(w, R)),
whence

(5.21)

u(Bw, R)\ E,) = tu(B(w, R)) > 0. (5.22)
Notice that then in particular r < R = R/ since otherwise B(w, R) \ E, = ().
Let us now consider the continuous and bounded function u: X — R,

u(z) = min{1,4r'd(z, )}, r e X.
Thenu=0on £, u=1in X \ E, /4, and
lu(z) — u(y)| < min{1,4r 'd(z,y)} forall z,y € X.
Since d(x, E)™* > R~ for x € B(w, R) \ E,, we obtain

ju(z)l
/B\EWCM > /B\ET d(z, E)"* dx > R™*'u(B(w, R)\ E,)

> 3R u(B(w, R)) > Ry ™ u(B(w, Ro)),

where the penultimate step follows from (5.22) and the final inequality holds by doubling.
To prove the claim (5.21), it hence suffices to show that

u(y)|’ y
/AB/ d(z,y) St (x,d(x,y))) dydr < Cr="p(E, 0 B(w, Ro)). (5.24)

Then (5.21) follows directly from estimates (5.23) and (5.24) and the assumed local fractional
Hardy inequality.
Write

(5.23)

|u(z) — u(y)/’
d(z, y)* u(B(z, d(z,y)))
whenever x,y € AB, x # y. Since u(x) = 1 for x € AB \ E,/4, and K(x,y) < cpK(y,x) by
doubling for x,y € AB, x # y, we have

/ K(m,y)dydxﬁ/ / K(z,y)dydz+ (14 cp) / K(z,y)dy dx
AB JAB -AB J E,NAB AB\E, J B, ;,0\B

= Il + (1 + CD)[Q-

K(x,y) =

Define
F,={r€)\B:27F <d(z,E) < 27%}



FRACTIONAL POINCARE AND HARDY INEQUALITIES 17

and

Aj(r) ={y € AB: 27771 <d(y,z) < 277},
for k,7 € Z and x € AB. Let also kq, ks € Z be such that
27T <AR< 2™ and 27F <p<27RtL
When k < ky and x € Fy, it holds that E, ;s N Aj(x) =0 for all j > k+ 1. Using the estimate

|u(z) —u(y)| <1 and changing also the orders of summation and integration, we thus obtain

ko k

1
dy d
LD Zlfﬂr/mj(w) 2 o

k=k1 ¥ F j=ky— ~UHDsty(B(x, d(z,y)))

ko ko 1
<C Z 2j5t/ Z/ dx dy.

j=k1—1 »NAB k=j {xeFyycA;(x)} /’L(B(I7 d(LU, y)))

But if y € A;(x), then d(z,y) < 277 and so

ko

U{:c € Fy:y€ Aj(z)} C B(y,277).

k=
Since B(y,d(x,y)) C B(z,2d(z,y)), we obtain by doubling that (still for y € A;(x))

M(B(ya 2_j)) S CDM(B(yv 2_j_1)) S CDILL(B<y7 d(l’, y)))
< cop(Blw, 2d(x,y))) < (Bl d(x, y))).
We conclude that

ko
: 1
L<C QJSt/ / ————drdy
’ jg;l B JBy2-1) M(B(y,277))
ko
<C Y Y'u(E.NAB) < C2%"u(E, N AB) < Cr'u(E, N AB).
j=k1—1

On the other hand, since |u(z) — u(y)|" < min{1,4'r *d(z,y)'} for all x,y € AB, integral I,
can be estimated as follows:

o0

)~
h= /EZ S TPt gy

ko
1
< E . dy dz 5.25
/Em,\B ior /EmAj(x) 2-U+Dsty(B(z, d(x,y))) (5.25)

1—1

S rtd(z, y)*
+ C'/ / dy dz.
E-NAB ]:2];2 E.NAj(x) d(l‘, y)StM(B($7 d(l‘, y)))

In the first integral on the right-hand side of (5.25)

1 1 1 .
- dy < —/ gy < 02
Sy TR T Y < 50 ) 7B
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since the measures of the balls B(z,277) and B(z,2777!) are comparable, while in the second

(
integral on the right-hand side of (5.25)
)

> rtd(x,y)! > d(x,y)t0=*)
‘ dy < r_t/ ’ dy
jZkQ/ETﬁAj(:L‘) d([E,y)StM(B([E,d(ZE,y>>> ]Z]Q Aj(x) M(B(m,d(x,y)))
< ot 2—]t(1—5)/ : dy
FZ,;Q Bla2-3) H(B(z,27771))

< Ot hRat(=s) < Cop=tpt=s) — Cp=st,

Here we had again a converging geometric series since ¢(1 — s) > 0.
Substituting the above two estimates to (5.25), we obtain

ko
I1§C/ Z 2j5tdm—|—0/ rstdx
BB ;5 E,NAB

< C/ (2k25t + T_St) dr < Cr~*'u(E,. N AB).
E.NAB

As AB = B(w, Ry), we conclude that I) + (1 + ¢p)ly < Cr~'u(E, N B(w, Ry)), and this proves
the claim. O

1]
2]
3]
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